The development of optical fibers has revolutionized telecommunications by enabling long-distance broadband transmission with minimal loss. In turn, the ubiquity of high-quality, low-cost fibers has enabled a number of additional applications, including fiber sensors, fiber lasers, and imaging fiber bundles. Recently, we showed that a multimode optical fiber can also function as a spectrometer by measuring the wavelengthdependent speckle pattern formed by interference between the guided modes. Here, we reach a record resolution of 1 pm at a wavelength of 1500 nm using a 100 m long multimode fiber, outperforming the state-of-the-art grating spectrometers. We also achieved broadband operation with a 4 cm long fiber, covering 400-750 nm with 1 nm resolution. The fiber spectrometer, consisting of the fiber, which can be coiled to a small volume, and a monochrome camera that records the speckle pattern, is compact, lightweight, and low cost while providing ultrahigh resolution, broad bandwidth, and low loss.
INTRODUCTION
Spectrometers are widely used tools in chemical and biological sensing, material analysis, and light source characterization. Traditional spectrometers use a grating to disperse light, and the spectral resolution scales with the optical pathlength from the grating to the detectors, imposing a tradeoff between device size and resolution. In recent years the development of "miniature" spectrometers has enabled a host of new applications due to their reduced cost and portability. However, they still rely on grating dispersion, and thus the spectral resolution is lower than the large bench-top spectrometers. In order to develop a compact spectrometer without sacrificing resolution, we turn to a multimode fiber (MMF), where a long pathlength is easily achieved in a small footprint by coiling the fiber. Of course, replacing the grating with a MMF also requires the spectrometer to operate according to a different paradigm.
In a grating-based spectrometer, light from different spectral bands is mapped to different spatial positions. However, this one-to-one spectral-to-spatial mapping is not strictly required, and spectrometers have also been built using dispersive elements with more complex spectral-to-spatial mapping. In these implementations, different spectral bands are mapped to different spatial intensity patterns. These intensity patterns function as fingerprints identifying the spectral content of an unknown probe. This approach has enabled spectrometers based on disordered photonic crystals [1] and random scattering media [2, 3] , which have the advantage of being very compact. Multiple scattering of light in a disordered structure increases the optical pathlength by folding the paths in a confined geometry, enhancing the spectral decorrelation of transmitted speckle. The resulting high spatial-spectral diversity enabled the development of a random spectrometer on a silicon chip, where the footprint is especially limited [3] . However, light transmission through a strongly scattering medium is usually low, limiting the sensitivity to weak signals. A photonic bandgap fiber bundle has also been used as a spectrometer [4] . To increase the intensity throughput, the transmission bands of the constituent fibers are broad and overlapping, which limits the wavelength resolution to ∼10 nm [4] .
In this work, we show that using a single MMF as the dispersive element overcomes many of these limitations. In a MMF, interference among the guided modes creates wavelength-dependent speckle patterns, providing the required spectral-to-spatial mapping [5, 6] . The spectral resolution is then determined by the minimal change in wavelength that generates an uncorrelated speckle pattern. In a MMF, the spectral correlation width of the speckle scales inversely with the length of the fiber [7] [8] [9] . Since optical fibers have been optimized for long-distance transmission with minimal loss, long fibers can be used to provide fine resolution without sacrificing sensitivity. In addition, the fiber can be coiled into a small footprint, enabling a compact, high-resolution, low-loss spectrometer.
Large-core optical fibers can easily support hundreds to thousands of spatial modes. The speckle pattern produced by interference between these modes is determined by their relative amplitude and phase. For monochromatic input light, the electric field at the end of a fiber of length L can be written as the sum of the contribution from each guided mode:
where A m and ϕ m are the amplitude and the initial phase of the mth mode, which has spatial profile ψ m and propagation constant β m . A shift of the input wavelength λ modifies the propagation constant, causing the guided modes to accumulate different phase delays, β m λL, as they travel along the fiber and thereby changing the speckle pattern. The sensitivity of the speckle pattern to a change in wavelength therefore increases with L. The spectral resolution of the fiber spectrometer, given by the minimum wavelength shift that produces an uncorrelated speckle pattern, thus scales inversely with the length of the fiber [5] . We note that Eq. (1) assumes an ideal multimode optical fiber in which the modal distribution (i.e., the coefficients A m ) remains fixed for the length of the fiber. Experimentally, small imperfections in the fiber or bending/twisting of the fiber introduces mode coupling which can affect the spectral resolution of the fiber spectrometer. In the limit of strong mode coupling, the spectral resolution scales as L −1∕2 instead of L −1 . However, the mode coupling length of standard glass core fibers is much longer than the lengths of the fibers used for the spectrometers [10] . Moreover, we observed that the spectral correlation width scaled linearly with the fiber length up to 100 m, confirming that mode coupling has a negligible effect on the spectral resolution of the fiber spectrometers.
HIGH-RESOLUTION FIBER SPECTROMETER
In order to push the resolution limit of the fiber spectrometer, we selected a 100 m long, step-index MMF (core diameter 105 μm, NA 0.22). The fiber supported ∼1000 modes at λ 1500 nm [11] . The 100 m fiber was coiled on a 3" diameter spool and fixed by resin for mechanical stability. A photograph of the coiled fiber, placed on top of an insulating block, is shown in Fig. 1(a) . A monochrome camera (Xenics Xeva 1.7-320) was used to record the far-field speckle patterns. In general, the speckle from a MMF depends not only on the input wavelength, but also on the polarization and spatial profile of the input light. To ensure that the same wavelength always produced identical speckle pattern, the probe light was coupled through a polarization-maintaining single-mode fiber (SMF) to the MMF. The SMF was fused to the MMF, as seen in Fig. 1(b) , to ensure the same combination of guided modes was excited in the MMF every time.
A representative speckle pattern, recorded at an input wavelength of λ 1500 nm, is shown in Fig. 2(a) . Due to the long length of the fiber, a tiny change in wavelength was sufficient to produce uncorrelated speckle patterns. To quantify this sensitivity, we calculated the spectral correlation function of the speckle intensity, CΔλ;x hI λ;xI λ Δλ;xi∕hI λ;xi hI λ Δλ;xi − 1, where Iλ; x is the intensity at a position x for input wavelength λ, and h…i represents the average Fig. 1. (a) Photograph of the fiber spectrometer. Probe light is coupled to the polarization-maintaining SMF which is fused to the MMF. The light then excites a superposition of guided modes in the MMF, which travel 100 meters around the 3" coil. The output end of the fiber was secured to an insulating block placed in front of a monochrome camera, which records the wavelength-dependent speckle pattern in the far field. (b) Optical microscope image of a SMF spliced to a MMF, confirming that the SMF core was fused to the MMF core to minimize the coupling loss. By coupling the probe light through the polarization-maintaining SMF to the MMF, we ensure that the same combination of guided modes is always excited in the MMF. over λ. We then averaged CΔλ; x over each position x in the speckle pattern. The correlation function is plotted in Fig. 2(b) . The correlation width, defined as the change in wavelength required to reduce the correlation by half, was found to be merely 1.5 pm. This value provides an estimate for the resolution of the fiber spectrometer, although the actual resolution also depends on the noise of the measurements and the reconstruction algorithm.
In order to use the 100 m MMF as a spectrometer, we first calibrated its transmission matrix, which characterizes the spectral-to-spatial mapping properties of the fiber. The transmission matrix, T , was defined as I T · S, where I is a vector describing the discretized speckle pattern and S is the discretized input spectra [6] . Each column in T represents the speckle pattern produced by one spectral channel. The calibration procedure consisted of recording the speckle pattern for each spectral channel in S, thereby measuring T one column at a time. For the 100 m fiber spectrometer, we calibrated a transmission matrix consisting of 200 spectral channels from λ 1500.0 nm to λ 1500.1 nm in steps of 0.5 pm using a tunable laser (Agilent 81600B). The speckle pattern in Fig. 2 (a) contains approximately 400 speckles, indicating that ∼400 spatial modes were excited in the MMF. We thus selected 400 independent spatial channels for the calibration of T . After calibration, we recorded the speckle pattern for various probe wavelengths and attempted to reconstruct the input spectra. The reconstruction was performed using a combination of matrix pseudo-inversion and nonlinear optimization [6] . Figure 3 (a) shows the reconstructed spectra for a series of narrow spectral lines across the operating bandwidth. The linewidth is ∼1 pm and the signal-to-noise ratio (peak-to-background ratio) is over 1000. We then tested the spectral resolution of the 100 m fiber spectrometer by resolving two closely spaced spectral lines. In order to synthesize such a test probe spectrum, we separately recorded speckle patterns at two closely spaced probe wavelengths and then added these speckle patterns in intensity. We then attempted to reconstruct the spectra from the synthesized speckle pattern. As shown in Fig. 3(b) , the fiber spectrometer was able to resolve two lines separated by merely 1 pm. This spectral resolution is beyond the capabilities of even the largest bench-top grating spectrometers, which cannot realistically compete with the long pathlength achieved in an optical fiber.
Of course, a MMF with such high spectral resolution is also sensitive to environmental perturbations. In fact, MMFs have been used for a variety of environmental sensing applications, including temperature [12, 13] , pressure [14] , and vibration sensing [15] . In these systems, a perturbation such as a change in the ambient temperature introduces a slight change in the refractive index of the glass fiber [13] . As a result, light travelling in the fiber experiences a slightly different propagation constant. In a sufficiently long fiber, this difference can add up to a significant change of the phase delay and alter the speckle pattern. Since our fiber spectrometer relies on a given wavelength consistently producing the same speckle pattern, changes in temperature would corrupt the reconstruction process.
In order to minimize mechanical perturbations, the fiber was secured to the spool using resin. We also spliced a SMF to the MMF to avoid any change in the input coupling condition [ Fig. 1(b) ]. However, changes in the ambient temperature in the lab still affected the fiber spectrometer. We estimated that a change of ∼0.01°C was sufficient to produce an uncorrelated speckle pattern in a 100 m fiber [6] . In other words, the fiber environment should be held at a constant temperature, to within ∼0.01°C. Although thermal stabilization at this level is possible, it would add complexity and cost to the fiber spectrometer. Next, we present a simple correction technique which can significantly improve the robustness of the fiber spectrometer to temperature fluctuations.
As the ambient temperature varies, the refractive index of the fiber glass changes due to the thermo-optic effect, nT δT nT (1 7 × 10 −6 δT ), and the length of the fiber changes due to thermal expansion, LT δT LT (1 5 × 10 −7 δT ) [13] . To understand the effect such changes have on the speckle pattern, we refer back to Eq. (1), which expresses the field at the output end of the fiber. The change in the refractive index affects the spatial profile ψ m of the modes and their amplitude A m and initial phase ϕ m , as well as the propagation constants β m . The resulting change in the accumulated phase, β m λ; T LT , is amplified by the length of the fiber. For long fibers and small changes in temperature, the effects of the changes to ψ m , A m , and ϕ m on the speckle pattern are negligible compared with that to β m λ; T L. Thus, we consider only the change in accumulated phase below.
If the temperature changes from T (the temperature during the calibration of the fiber spectrometer) to T δT , the phase delay for the mth mode becomes β m λ; T δT LT δT . It is equal to the phase delay at T for a slightly different wavelength λ δλ, i.e., β m λ δλ; T LT β m λ; T δT LT δT . In principle, the wavelength change δλ depends on the mode index m in the MMF. However, our numerical simulations reveal that for small temperature variations, the change in phase delay is approximately the same for all modes, and thus δλ is nearly mode-independent. This means the speckle pattern generated by input light of wavelength λ at temperature T δT resembles the speckle pattern produced by the wavelength λ δλ at temperature T . Thus, the reconstruction algorithm would recover an input wavelength of λ δλ from the speckle pattern for λ at T δT . This allows us to correct the temperature change δT by a wavelength shift δλ. Although the value of δλ depends on λ, the operating bandwidth (0.1 nm) is much less than the wavelength Research Article (1500 nm), and the thermo-optic coefficient and thermal expansion coefficient are almost constant across this bandwidth. Thus the variation of δλ across the bandwidth is negligible, and we can adjust for a small change in the ambient temperature by applying a single δλ correction factor. Usually the temperature change is slow, and therefore we propose to periodically interrogate the fiber spectrometer with a laser of a fixed wavelength to measure the δλ that accounts for the current temperature, and then apply this simple correction to subsequent measurements.
To gauge the efficacy of this approach, we experimentally investigated the stability of the fiber spectrometer. Note that the measurements in Fig. 3 were performed within a few minutes after calibrating the MMF. The successful spectral reconstruction indicates that within this time, environmental conditions had not changed significantly. We then continued to record speckle patterns for ∼10 h after calibration. Every ∼1.5 min, we recorded speckle patterns at nine wavelengths across the spectrometer operating bandwidth. Figure 4 (a) plots the reconstructed spectra from three sets of measurements. In the first set (bottom row), which was recorded ∼1 min after calibration, each probe wavelength was accurately reconstructed. However, in the second and third set of measurements, recorded 10 and 20 min after calibration, the reconstructed lines are shifted relative to the probe lines due to changes in the ambient temperature. Nonetheless, the reconstruction algorithm still identified a narrow line for each measurement. This indicates that the speckle pattern produced by a wavelength λ at temperature T δT matched the speckle pattern produced by a nearby wavelength, λ δλ, at the calibration temperature T . In addition, we note that for a given set of measurements recorded within a ∼30 s time period [i.e., one row in Fig. 4(a) ], each reconstructed line was shifted by the same amount. This confirmed our expectation that a single wavelength shift δλ could be used to correct for the temperature-induced changes in all reconstructed spectra.
To correct for this wavelength shift, we assumed that the measurement at λ 1500.045 nm was performed using a known reference laser. We then calculated the δλ shift between 1500.045 nm and the peak wavelength of the reconstructed spectrum, and applied this same δλ to the spectra reconstructed from other measurements. As shown in Fig. 4(b) , each reconstructed line matched the probe line after this simple correction. To quantitatively assess the efficacy of this correction, we calculated the error between the reconstructed peak wavelength and the actual probe wavelength for all 4000 measurements recorded over the 10-h testing period. We then repeated the correction procedure by using the first probe line as a reference laser to estimate the current δλ. Figure 4 (c) presents a histogram of the errors in the reconstructed wavelengths before and after this correction. Due to thermal fluctuations, the peak position of the reconstructed lines varied by as much as 15-20 pm from the actual wavelength before correction. However, after this simple correction, 95% of the measurements were accurate to within 3 pm. In practice, a reference laser with a well-defined frequency may be used to repeatedly recalibrate the fiber spectrometer, significantly reducing the sensitivity to environmental perturbations. Note that this software correction was performed without any effort to stabilize the ambient temperature of the MMF. By combining the software correction with thermal and mechanical stabilization, we expect the MMF spectrometer with ultrahigh resolution could be made robust against environmental perturbations.
BROAD BANDWIDTH FIBER SPECTROMETER
In addition to ultrafine spectral resolution, MMF spectrometers can also operate with very broad bandwidth. In this section, we demonstrate broadband operation in the visible spectrum using a 4 cm long MMF (105 μm diameter core, NA 0.22). In order to calibrate the wavelength-dependent speckle patterns in the visible spectrum, we used a broadband supercontinuum light source (Fianium WhiteLase SC400-4) in combination with a monochromator (Acton Research Corp. SpectraPro 500). The monochromator selected a narrow Research Article (∼0.2 nm full width at half maximum) band of the supercontinuum emission which was first coupled to a single-mode polarization-maintaining fiber and then to the MMF. The SMF ensured excitation of the same superposition of guided modes in the MMF and allowed us to test different light sources after calibration. To illustrate the speckle patterns formed by different colors, we used a color charge-coupled device (CCD) camera to record red, green, and blue speckles at the end of the MMF, as shown in Fig. 5(a) . In the actual calibration and testing of the fiber spectrometer, we used a monochrome CCD camera (Allied Vision Manta). From the number of speckles, we estimated that ∼700 spatial modes were excited in the MMF.
For the 4 cm fiber, the spectral correlation function of speckle has a HWHM of ∼2 nm. We calibrated a transmission matrix consisting of 700 spectral channels from λ 400 nm to λ 750 nm in steps of 0.5 nm, and 4800 spatial channels. Not all the spatial channels are independent, although the shorter wavelengths provide more independent spatial channels than at λ 1500 nm. We oversampled spatially in order to have a better reconstruction of broadband spectra [6] . After calibration, we switched to the lowest resolution grating (150 grooves/mm) in the monochromator and increased the exit slit width to obtain a tunable probe of ∼10 nm bandwidth. We recorded a series of speckle patterns across the visible spectrum (400-750 nm), and separately measured the probe spectrum with a commercial grating spectrometer. The reconstructed spectra, shown in Fig. 5(b) , match the spectra recorded by the grating spectrometer. We also tested the spectral resolution of the 4 cm fiber spectrometer, and found that it was able to resolve two narrow lines separated by 1 nm. Furthermore, unlike the 100 m fiber spectrometer, the short fiber spectrometer is relatively insensitive to environmental perturbations. For the same change in temperature, the change in accumulated phase delay is reduced by more than 3 orders of magnitude due to the difference in the fiber lengths. Consequently, the 4 cm fiber spectrometer is robust against temperature fluctuation within ∼10°C [6] .
After calibration, we used the 4 cm fiber spectrometer to measure the spectra of photoluminescence from Rhodamine 640 dye solution in a cuvette. Figure 6 (a) is a schematic of the experimental setup. The output beam from a diode laser operating at λ 532 nm was focused to the solution to excite the Rhodamine molecules. The emission was collected and focused to a SMF, which was coupled to the MMF. A long-pass filter was placed in front of the SMF to block the pump light. The inset of Fig. 6(b) is part of the speckle pattern produced by the photoluminescence at the end of the 4 cm MMF. Despite the broad bandwidth of the emission, speckle was still clearly visible, enabling the fiber spectrometer to reconstruct the spectrum. In Fig. 6(b) , the photoluminescence spectrum measured by the fiber spectrometer coincides with the spectrum recorded separately by the grating spectrometer. The accurate measurement of the photoluminescence spectrum also confirmed that the SMF delivered the signal to the MMF in the same spatial mode used in the calibration.
DISCUSSION
In summary, a MMF spectrometer, consisting of a fiber and a camera, can provide high spectral resolution and large bandwidth while maintaining a small footprint. Using a 100 m long fiber coiled on a 3" spool, we were able to resolve two lines separated by 1 pm at λ 1500 nm. A simple wavelength correction technique was developed to dramatically improve the stability of the ultrahigh-resolution fiber spectrometer against ambient temperature fluctuation. On the other extreme, a 4 cm long fiber can provide broadband operation, covering the visible spectrum (400-750 nm) with decent resolution (1 nm). It accurately captured the photoluminescence spectrum of Rhodamine dye.
MMF spectrometers offer clear advantages over traditional grating spectrometers. The most attractive feature is the ability to achieve high resolution with a compact size. This could enable portable miniature spectrometers with resolution currently only available in large bench-top systems. In addition, optical fiber is extremely low cost and lightweight, and has almost negligible loss over the lengths suitable for the spectrometer application. The reconstruction algorithm is fast and provides comparable accuracy to a grating spectrometer provided the probe signal is sufficient for an accurate measurement of the speckle pattern [16] . The input power dynamic range of the fiber spectrometer depends largely on the sensitivity and dynamic range of the camera used to record the speckle pattern and the coupling efficiency of the probe signal into the MMF. Although high-resolution fiber spectrometers are sensitive to environmental perturbations, a combination of thermal and mechanical stabilization with software correction could enable robust performance.
The main limitation of the fiber spectrometer is that the probe signal must be confined to a fixed spatial mode and polarization state to ensure that a given wavelength always generates the same speckle pattern. In our implementation, this was done by first coupling the probe signal to a single-mode, polarization-maintaining fiber. This could limit the sensitivity of the fiber spectrometer to measure optical sources with low spatial coherence such as thermal sources, whose emission cannot be efficiently coupled to a SMF. Moreover, if a source (e.g., a multimode laser) contains multiple spectral lines, each having a distinct spatial pattern, they may couple to the SMF with different efficiencies. Although the wavelengths of all spectral lines can be measured accurately, their relative intensities may be distorted. Such a problem also exists for a grating spectrometer which collects light through a narrow slit, but the requirement for input to a fiber spectrometer is more restrictive. While the entrance slit in a grating spectrometer can be opened further to collect more light at the cost of lower resolution, exchanging the SMF for a few-mode fiber is more complicated. The input light must be spatially incoherent, namely, the light coupled to different spatial modes of the few-mode fiber must have an uncorrelated phase, so that the speckle patterns generated by each mode will add in intensity. The transmission matrix then needs to be recalibrated in order to include the speckle patterns not only from each spectral channel, but also from each spatial mode in the few-mode fiber. This would reduce the operation bandwidth, since the reconstruction algorithm has to find both the spatial profile and the spectral content of the input signal. We therefore expect the fiber spectrometer to be most useful in applications which already require light to be delivered by SMFs. Examples include optical wavemeters, spectral channel monitors used in telecommunications, or fiber-based sensors. In addition, spectroscopy techniques which utilize spatial confocality to probe small spatial volumes can use a SMF for signal collection, enabling integration with the fiber spectrometer. Examples include optical coherence tomography, microphotoluminescence spectroscopy, and micro-Raman spectroscopy. The operating wavelength, bandwidth, and spectral resolution of the fiber spectrometer can be easily tuned to match the needs of a given application.
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